When asked to write a contribution to the memorial volume for Peter Freund I went through my memory of the first time I met Peter. This was in 1971 when Dual Models were very popular and I had just joined in the efforts. For a number of years I worked on the problem of finding a realistic Dual Model/String Theory for hadrons, and here I will review those efforts as they happened, but also in the light of what we now know about hadrons from QCD. I will argue for when a string picture of hadrons is appropriate and discuss its limitations and the specific results you get from it.
1 Encounters with Peter I came to CERN in June of 1971 as a fellow. I came a few months earlier than the other fellows since the Theory Department wanted to lift me out from my home institution and give me an early chance. i did not even have a Ph.D at the time. I went to all seminars that were daily at the time and one of the first ones was given by Peter Freund. He had spent a year at Imperial College and he talked about diffraction models using duality [1] , but he did not mention any dual models as far as I remember. Already then I saw that he was a forceful person having grown up in post-war Timisoara and hardened by the student revolt there in 1956.
Being in Chicago close to Yoichiro Nambu he was of course involved in Dual Models, and he was certainly one of those whose papers we studied carefully at CERN at the time. He was also early to think about putting quarks on the string [2] , a subject I will come back to. Our interests merged again later in the 70's when Peter got interested in supersymmetry and then in supergravity. His paper from 1980 with Rubin [3] certainly shook up the supergravity community.
Our paths met again when he got into string theory later in the 80's, and again we took great notice when he introduced p-adic numbers [4] and adelic string amplitudes [5] , concepts that I had not even heard about before. Many papers in his later career involved intriguing mathematics with his deep knowledge in modern particle physics as well as in more formal theory. Others will describe better his scientific achievements and his influence on modern fundamental physics. Peter was a strong member of the Enrico Fermi Institute in Chicago all through his long life. He was one of the few who came really close to Nambu and saw his extraordinary talent for physics, and he was a strong lobbyist for the Nobel Prize that Nambu eventually got.
Peter was the chairman of the Schrödinger Society and was the remaining link to Erwin Schrödinger, whom he had met when he was a graduate student in Vienna. I had the privilege to give the Schrödinger lecture some ten years ago, and at the same time he gave me a long sight-seeing of Timisoara which had then just become popular by the fascinating and tragic descriptions that Hertha Müller had given. She was a favourite of both of us. He then showed that he was a renaissance man being home both in Europe and the USA, in the old quarters of the once so cultivated Central Europe as well as in the most modern parts of the great cities in the USA. A few months before he died he sent me an email where he described his disease and told me that he only had a few months more to live. It was a shock. He was such a strong man both physically and mentally and was not supposed to leave us so early.
Dual Models/String Theory: The first few years
After the bomb shell created by Gabriele Veneziano in 1968 when he constructed a crossing -symmetric, Regge behaved amplitude for linearly rising trajectories for the scattering amplitude π π → π ω [6], the Veneziano Model developed quite quickly with an average of one paper a day for the next years. The model described π π-scattering and soon N −point amplitudes were constructed [7] , [8] , a string picture emerged [9] , [10] , [11] , and the first crack in the hadronic picture appeared when Viraosoro showed [12] that only for the model with a massless spin-one particle does it have an infinite symmetry that could provide a ghost-free spectrum.
Another problem that was solved was whether the amplitudes could factorize. Indeed they could as Nambu [9] and Fubini, Gordon and Veneziano [13] discovered. They found that the amplitudes could be written as
with D a propagator and V a vertex operator. This opened the way to study the spectrum using the Virasoro algebra, Much have been written about the early history so I have been and will be extremely brief and selective in my account of the early history here. I only do this in order to set the stage for what I will describe in more detail. There is a tendency in modern Superstring Theory to leave out this period that was instrumental for the development of the theory.
1971-73
The first two years of these three years were exceptional with one discovery coming after the other. It started already in the last days of 1970 when Pierre Ramond [14] out of nowhere found the spectrum and the symmetries of the fermionic string. He did it by following Dirac's original analysis extending not only the spacetime coordinates but also the γ-matrices to depend on a world sheet variable. This was not only the first piece in the Superstring Theory but also in supersymmetry.
Shortly after André Neveu and John Schwarz [15] discovered a new bosonic string theory using two-dimensional supersymmetry and Charles Thorn [16] a model with two fermions and an arbitrary number of bosons, which was to become the 'Ramond model/sector'. Although the models contained unphysical elements such as tachyons and unwanted fermion states, the embryo of the Superstring Theory was born. An important addition came when Edward Corrigan and David Olive [17] constructed the fermion emission vertex making it possible to construct amplitudes with more than two fermions. The final merging of the two sectors came when I together with Olive, Claudio Rebbi and Joël Scherk [18] proved that the two sectors are connected in a unitary way through the fermion emission vertex satisfying the gauge conditions on both sides. This was possible to prove with the help of the physical state projection operator that I had constructed with Olive [19] . Some years later the unphysical states in the two sectors were removed by Ferdinando Gliozzi, Olive and Scherk [20] and the Superstring Theory was ready to fly even though it took some years for it to do so.
Another important ingredient was the discovery of Claude Lovelace [21] that the socalled twisted loop in the Veneziano model could only be consistent in d = 26. A twisted loop in a string picture is a loop diagram, where the incoming strings are attached at one end of the string and the outgoing at the other. Since the string is conformally invariant you can stretch the diagram such that the external states become normal states. Then the diagram is just the scattering of two open strings with an intermediate state that is a closed string, ie. the loop diagram have been turned into a tree diagram with a new set of intermediate states, the states of a closed string. The trajectory of it was called the Pomeron trajectory even though it had intercept 2.
The critical dimension of 26 was not taken seriously until Richard Brower [22] and Peter Goddard and Charles Thorn [23] proved that in the critical dimension the Veneziano model has a positive-norm spectrum. Similarly they found that in the Ramond-Neveu-Schwarz model the critical dimension for a positive-norm spectrum is 10. This was further clinched when Goddard, Rebbi and Thorn joined up with Jeffrey Goldstone [24] to study the quantisation of the relativistic string described by an action invented by Nambu [25] and Tetsuo Gotō, [26] .
Self-consistency conditions for string theories
Since we were all at the time searching for a dual model/string theory that could describe meson scattering, the dream at the time was to find a realistic model extended from the existing models. The idea was that if such a model could be found, it should have critical dimension 4 and have a positive norm spectrum consisting of the known meson trajectories. This was before QCD and we only knew of three quarks. Holger Bech Nielsen and I then searched for a general scheme which all possible string theories could satisfy.
We knew that the key to understand the critical dimension, originating in the work of Lovelace, was the remarkable properties of the partition function that entered into the loop calculation. These arise from the Jacobi θ-functions described by Jacobi in the 1830's together with his assistant J. Scherk. Schematically they relate the various θ-functions when one of its variable, we can call it τ → 1 τ , 'the Jacobi imaginary transformation'. (We have made it real.)
Consider now the calculation by Lovelace stripped by the external states.
Fig.1 Duality property of an open string loop
When these calculations are performed we first have made a Wick rotation of the twodimensional worldsheet. We can fix the gauge such that the remaining symmetry is conformal symmetry. This means that we can stretch the worldsheet diagram such that the loop of the open string has become a propagating closed string. The open string satisfies Neumann boundary conditions. For the closed string propagator this amounts to the propagation of a string whose initial and final state have momentum density zero, a vacuum string. The calculations is not straightforward to do and it will be highly divergent. Also at the time of these considerations it was not known how to consistently compute a oneloop diagram. This was only solved in 1973 by Olive and myself [27] using Feynman's tree theorem and our physical state projection operator [19] . Also since the idea was to consider strings with quarks at the ends this was not the ideal scheme, since this would only have led us to expressions with couplings of quarks to pomerons.
Instead we considered the following diagram, Fig.2 , the propagation of a 'vacuum string' [30] .
At the time there were several useful ways to compute this diagram. One was the analogue model of Fairlie and Nielsen [28] , where the problem is mapped to the calculation of electric currents on a conducting sheet, another Nielsen's formulation [29] in terms of infinitely dense Feynman diagrams, both precursors of the functional integration over the string action.
In a functional formulation this can formally be written as being proportional to
where we integrate over all independent string fields (Φ). Again we have made the assumption that we have gauge fixed to a conformal gauge and work in a Euclidean world sheet. We restrict ourselves to simply connected surfaces. Since the initial and final wave functions ψ (i) pµ and ψ (f ) pµ through their end points each define two points on the boundary of the surface, a natural choice for the surfaces is to choose rectangles with the end points of the strings at the corners. The conformally non-equivalent ways of attaching the end points can then be parametrized by the ratio of the lengths at the sides of the rectangle, τ stands for a function of this ratio chosen such that the integration over τ gives the full amplitude.
We now further assume that the underlying string has a bosonic part of conventional type, ie. coming from the spacetime dependence of the string. This means that the propagator has the conventional form in terms of the generator L 0 of the Virasoro algebra. This also means that we allow for strings with fermionic degrees of freedom and other bosonic degrees as well as insertions of quarks at the ends of the string. We can then write the integrand in (2) as
Here R 1 (τ ) is what distinguishes the different conformal diagrams. In a diagram with sides a and b
where α ′ is the Regge slope of the particle trajectories which we will put equal to 1 from now on. In an analogue model R is essentially the resistance for the flow.
If we inspect Fig. 2 we see that we can equally well compute the diagram in the vertical directions. The Neumann boundary conditions we have as the string propagates horizontally means vertically that the initially and final state again is a vacuum string. The vacuum string in the horizontal directions means Neumann boundary conditions in the vertical direction. Remember that we are in a Euclidean world sheet. We now specify the states |ψ (i) > and |ψ (f ) > to be the vacuum string and specify to p µ (σ) = 0. We can then perform the calculation (3) in two ways and must get an identity
where we have allowed for a more general dependence on R i . In the Veneziano model and the Neveu-Schwarz model τ = R i . The two sides are related by
which means that
We can now check this in the bosonic string. For |n > we take
where the harmonic oscillators can be taken to be either the transverse ones after a choice of the light-cone gauge or the DDF-operators [31] . We can solve first the one-dimensional case. The vacuum string is defined by 1 a † |vac >= a |vac > .
Then
This is for even n, for odd n one gets zero. We can now solve the corresponding sum.
Knowing that the lowest state has m 2 = −1, we can now extract e R from the sum in (5) and use the differentiation of (6) and extract the integrands in (5) , taking care of the integration limits and finally use the results in (9) and (10) to get the equation
where D is the number of transverse dimensions. Dividing out the overlap | < vac|0 > | 2 2 , choosing D = 24
We can compare this to the Jacobi imaginary transformation on θ 1 (0, τ ).
We find that all exponential terms match. It is only the power term that does not match. When we did this calculation in 1972 we had no explanation for it. It was only with the advent of the BRST formulation of the string that it could be understood [32] . The point is that the vacuum state we have used is not fully a physical state. In order to find such a one we have to introduce ghost insertions at the corners. However, the discrepancies are not preventing us from finding the possible string models. The only problem for the vacuum string to be physical comes from the corners of the diagram. To correct for that can never effect the infinite series of exponential terms. Hence we can confidently use this method to look for new strings models. We [33] also performed the calculation above for the Neveu-Schwarz model and found that all exponential terms match for 10 spacetime dimensions and the correct intercept.
Some years later Werner Nahm [34] made a study of possible partition functions and could also describe the spectrum of the heterotic string. He did not formulate an interacting model, and the idea to construct such a one came almost a decade later [35] . Our next step after having set up the scheme with the 'vacuum string' was not to construct more models of the "conventional" type but to look for realistic models for hadron scattering. Setting up the calculations as in Fig. 2 could lead to a full classification of the type Nahm performed.
4 Self-consistency conditions for string theories with SU (6) quantum numbers
After finding that our self-consistency equations work for the at the time known string theories/dual models, our next step was to consider strings with real meson quantum numbers. At the time only three quarks were known and we assumed that in a correct dual model for nature, if such a theory exists, the mesons can be constructed as strings with quarks attached to their ends. When we talk of quarks here we just mean something that carries quark quantum numbers. In 1972 we knew very little about quark masses and we assumed them to be zero for the calculation. I will here follow a paper which I wrote at the time together with Nielsen [36] which we only published a few years later. We now extend our considerations in sect. 3 to the propagation of a string with a quark (a) attached to one end, an antiquark (b) attached to the other end, which develops into a string with an antiquark (c) removed from the first end and a quark (d) removed from the second end. As in the previous section the starting point is then
We can follow through the considerations in sect. 3 up to the point when we specialize to the propagator of a string in the state defined by being such that it couples to the physical vacuum. This time we consider a similar state with vacuum quantum numbers locally along the string except at the end points of the string where it has a quark at one end and an antiquark at the other end in the initial state and an antiquark and a quark removed from the ends in the final state. The state |P (σ) = 0 symbolises a state with vacuum quantum numbers in all its degrees of freedom, not only the momentum density. The total quantum numbers of the string state considered is thus those of a quark-antiquark pair, i.e. those of mesons. It may thus be assumed that these more general vacuum string states with quarks added or removed at the ends have significant overlaps with meson states, a property of which we shall make use below. Performing the same steps as in the previous section we are led to 
Since we are working in a Euclidean space we now want to perform the same calculation with the roles of σ 1 and σ 2 interchanged, so that this time σ 2 is the development parameter while σ 1 is the parameter along the string. With quarks on the strings the self-consistency condition analogous to eq. (5) must express the equality between two ways of calculating essentially ascattering amplitude. More exactly the group theory follows the calculations of such an amplitude, while the string calculations are for a one-dimensional gluon string connecting the quarks (in modern terms).
If we write the amplitude as a propagator for a string in two different ways by having string wave functions of locally vacuum type attached to the two different pairs of parallel sides of the region [0, σ f 1 ] × [0, σ 2 f ] we obtain the self-consistency relation
Again the integration variables are connected through (6) . The minus sign in the relation is due to Fermi-Dirac statistics. Using (6) we can again compare the integrands of the expression, and these are essentially the partition functions that should describe mesonic strings.
When we talk about quark quantum numbers we mean that a quark can be in six states, 
with the same constant for all quark combinations 3 . The sum is over all states belonging to the 35 and the corresponding singlet. We have hence added to the assumption about SU (6) invariance the assumption that the singlet couples in the same way as the 35. This SU (6) assumption is like assuming SU (6) invariance for coupling constants but not for the masses, since a matrix element |vac, ab attached > can be considered as a coupling of a quark-antiquark pair to a meson.
In the case of mesons with the same spin and isospin such as ω and ρ and η and η ′ we further assume that the overlaps, say < n|vac, ab attached > are related by the mixing angles.
We need as said to be careful in treating eq. (17) since the matrix elements < vac,c d removed |vac, ab attached > in general are diverging. For some of them we can, however, determine their ratios to each other. To do this we use the self-consistency eq. (16) in the limit R 1 → ∞ and R 2 → 0. When R 1 → ∞ the exponentials in the righthand side tend to zero unless there is a state |n > with mass zero. We will hence work in a limit of the underlying hadron model where the pion is massless.
Hence if there is a pion coupling in the crossed channel we obtain < vac,c d removed |vac, ab attached >
By using Clebsch-Gordan coefficients we could then compute the following ratios
The choices of quarks (19) are such that the combinations have the quantum numbers of π, ρ + (S z = 0), ρ 0 (S z = −1), η ud and ω(S z = 1) respectively. Here we used the notation
The calculation is a classical quark model calculation where we have here used the following conventions. The isodoublet of the antiquarks is (−d,ū). We have chosen the phases such that < vac, J 1 , J 1 z , I 1 , I 1 z removed|vac, J 2 , J 2 z , I 2 , I 2 z attached > is proportional to the Clebsh-Gordan coefficients < 0, 0|J 1 , J 1 z , I 1 , I 1 z >< 0, 0|J 2 , J 2 z , I 2 , I 2 z >. The ket vectors |J, J z ) and |I, I z ) are defined by using the Condon-Shortley phase conventions taking the quarks in the order written.
Comparison to the real world
In principle we can now use the result above and look for modular functions to solve for (16) in the various channels for which the quark quantum numbers give mesonic states. Even some 45 years ago there were tentalizing experimental facts in hadron physics which pointed to a string-like behaviour of the mesons, above all the nearly linearly rising Regge trajectories. Even if there were a hadronic string theory for mesons we know that it has to be unitarized and then there will be mass corrections, not only imaginary parts.
Another fact is the (almost) quantised masses of the mesons built by the u and d quarks. To a very good approximations the masses are (remember α ′ is set to 1).
With these numbers introduced in (16) we could search the literature for possible modular functions. Our somewhat amateurish searches did not find any such functions.
There is though one prediction that we can make directly. Since we assume that the underlying string theory is critical in d = 4 we know that in critical string theories the first daughter trajectory is missing, because the norms of the states on it are proportional to d − d crit . Hence there are no spin-0 state with the same mass as the ρ and ω.
However there was one test that we could do in this case. We could consider the case when the two sides of the rectangle in Fig. 3 are the same. Since the horizontal and vertical channels now carry different mesons this is a non-trivial test. In the case R 1 = R 2 = π we get the following relation
By manipulating this equations with the calculations above we arrive at
There is one more combination of the up-and downquarks that gives a non-trivial relation
These relations are correct to within a few percent when we use the masses (21) , and slightly worse if we use the actual masses, which we did in the paper [36] . The correct thing in a hypothesised string theory is to use the masses (21) though. A partition function must have quantised coefficients in the exponentials. In principle we could form full partition functions using the Regge trajectories up to infinite masses. They will not be modular functions but could still have interesting mathematical properties. The corrections from the higher particles on the trajectories to our calculations are very small. One interesting aspects of the calculations is that both the coefficients in the series which come from the quark model and hence group theory, and the exponentials which come from the string assumptions must cooperate to get formulae that work. This is reminiscent of moonshine. We can also phrase it to say that the string assumption forces the masses of the mesons made up with up and down quarks to be quantised as in (21) . (We should remember though that we got two relations for five masses.)
What happens when we put strange quarks at the ends? One problem to start with is that the strange mesons do not seem to have masses so close to quantised numbers. We can now understand that from the strange quark having a mass which cannot be neglected. However, also the strange mesons have quite linear Regge trajectories indicating also some string-like behaviour. We never attempted to set up corresponding partition functions involving strange quarks. (There were ideas that the bare kaon mass should be 1/4 and that a string model involving strangeness could be like a square root of the RNS-model. None was of course found, but it is our duty to speculate.)
In a sense we might already have learnt as much as we can from our assumptions about strings with quarks at the endpoints.
Further results from the string assumption
Since the string assumption works so well in certain cases we can remind ourselves of other examples.
Already in the infancy of dual models/string theory Lovelace [37] and Joel Shapiro [38] found an amplitude for pion-pion scattering in the form
where α(s) = 1 2 + α ′ s is the ρ-trajectory. We take the pion mass to be zero. This was a seemingly good amplitude with the correct intercept for the trajectory, but this was not the amplitude that could be extended to N -point amplitudes. (It is the amplitude in the Neveu-Schwarz model when the intercept is 1.) For a long time it was a solitary amplitude in search of a family. However, it has been found that it has very interesting properties, namely that it has critical dimension 4 and is seemingly ghostfree [39] , [40] . This is in line with our result above where the π and ρ are well described by strings with quarks at the endpoints. This picture will break down somewhere which might be an explanation why we cannot make it into a fully unitarizable model.
Coming back to the original Veneziano amplitude [6] for the scattering amplitude π π → π ω A(s, t) = ǫ µνστ e µ p ν
it has also been conjectured to have critical dimension four and to be ghost free. This is also in line with the arguments above.
Further attempts to introduce strings with flavour symmetry
The Ramond-Neveu-Schwarz model introduced supersymmetry on the world sheet. When supersymmetry was introduced also for d = 4 field theories it became clear that supersymmetry could carry an internal symmetry. In the string picture that would mean that the flavour quantum number was distributed along the string, quite opposite to the picture I gave above. This does not sound now to be a very interesting option, but it opened up for the possibility to construct new string models. Together with Paolo Di Vecchia and a number of collaborators we followed this thread and managed to first construct new Virasoro algebras [41] and found two possible new models, one based on an U (1) internal symmetry [42] and one with an SU (2) internal symmetry [43] . The first one described a string living in a four-dimensional space with two time coordinates and the second had ghosts in any dimensions. The virtue of this exercise is that it showed the possible strings models there are. It did strengthen our belief that the truly unitarizable string theories should instead be used for unifying theories involving gravity. Interpreted this way all the problems in the Ramond-Neveu-Schwarz model became virtues and the rest is history.
A retrospective view of the results
Hadronic string theories became quickly obsolete when QCD was discovered [44] . Finally we had a theory for the strong interactions. To describe hadron physics we can use lattice gauge theories [45] , [46] and/or chiral perturbation theory [47] .
In both approaches it is important to have non-zero quark masses, and the pion mass which is small due the spontaneous symmetry breaking of the chiral symmetry has to be taken to be non-zero. In QCD there is a problem with the U (1) anomaly leading to the η ′ mass. It would be hard to find quantised masses in those approaches. In our approach we see the problem from a different angle representing the quark-antiquark interactions, ie. the underlying QCD, by a relativistic string, and that points towards (approximately) quantised masses for the mesons built up by the u and d quarks in SU (3). Those masses are quite unnatural in lattice QCD even though Wilson in his original paper described mesons as a flux tube with quarks at the ends.
It should be pointed out also that a fully unitary model with a massless scalar would be very different from present day hadron physics. This is yet another reason why we should not expect to be able to fully unitarize our string model.
The flux tube, ie. the closed string in Fig 1, became of course the graviton trajectory in the Superstring Theory. For a unitarizable hadronic theory it should be the pomeron trajectory. It should have intercept 1 instead of 2 for the Superstring. There is a fourpoint amplitude first constructed by Virasoro [48] and Shapiro [38] that could be seen as a candidate for such an elastic scattering. It is not known if such an amplitude could be critical in 4 dimensions of spacetime. In perturbative QCD the pomeron is very different from this picture and is described by gluon exchanges or glue balls. The fact that the Lovelace-Shapiro amplitude is seemingly not unitarizable can be seen as a sign that the elastic scattering in hadron physics cannot be described by a pomeron exchange with a trajectory of real particles.
The quantised masses point towards some extra symmetry. Note that the mass formulae is quite different from the Gell-Mann-Okubo mass formula [49] , [50] . That formula is linear, and with three free parameters it relates the masses in the octets and decouplets. It is much more related to the quark structure and quark masses.
We have a theory for the strong interactions, QCD. It has been enormously successful. However, the strong interactions is one of the most complicated dynamical systems that we have tried to solve in all details. Not all of those are accessible straightforwardly from the pure theory. The hadronic string picture is approximate but in some circumstances a very useful picture that gives new insight in hadron physics. This is what I have wanted to show in this paper.
